We report on a geometric formulation of multipartite entanglement measures which sets a generalization of the partial formulation of a few-qubit entanglement scenario reported in Ref. [1] . By means of the permutation group of N = 3 elements, we first propose a measure which satisfactorily reproduces the entanglement values reported in the literature for tripartite entangled states. We then give a measure for the general, multipartite entanglement case and show that this corrects some inconsistencies previously reported in Refs. [2, 3, 4] . The proposed N -qubit entanglement polynomial measure accurately reproduces standard results that are amenable to experimental verification.
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Quantum entanglement is arguably the most intriguing feature of the quantum world, the hallmark of nonlocal correlations that draws the line between classical and quantum behaviour [5] ; it is also the very resource that allows quantum computation [6] , and quantum protocols such as teleportation [7] and key distribution [8] to be performed. Since information can, in principle, be processed by quantum technologies via the manipulation of a given set of physical resources [5] , an important problem to be addressed is the quantification and controlled manipulation of the degree of entanglement of a continuously interacting physical system [9] . In this context, we should be capable of performing a reliable measure in order to account for the quantification and processing of the system's degree of quantum correlations at a given time. Many efforts have been devoted towards this objective, ranging from polynomial invariants [3, 10] , density matrix properties [9, 11, 12] , and positive maps [13] , to geometrical/algebraic approaches [14, 15, 16] .
In this paper we give a geometric formulation of multipartite entanglement measures which can be tested in quantum computation implementations. Our approach initially follows the spirit of Refs. [1, 17, 18 ], but we introduce the permutation group as the main tool to decode the information available from the Hopf bundle-like structures. We obtain a measure that is built from the invariance properties inherent to this construction, and show that this is equivalent to the Meyer-Wallach measure [3] in its Brennen version [19] . We generalize it, correcting Meyer-Wallach's known problems, following the lines of Ref. [2] but noticing that this procedure falls short when implementing Brennen's version, as this cannot be directly extrapolated to higher dimensions. In this way we also correct Scott's generalization [2] and give a measure that, in contrast to that of Ref. [4] , fully considers all possible permutations. Our measure succeeds at reproducing results that are available in the literature and faithfully distinguishes between factorizable and non factorizable states, making it a trustworthy measure that can be applied in different experimental contexts.
Two-qubit entanglement and the second Hopf fibration.-We construct the two-qubit case following Ref. [18] , but fixing the state norm to 1. The state vector can be written in the computational basis as
Although there has been a geometrical formulation of few-qubit entanglement in terms of Hopf fibrations in Refs. [1, 17, 18] , this is limited to only three Hopf fibrations which would impose a limit on the system's scalability. Here we use a Hopf bundle-like mapping in order to formulate a measure based on algebraic properties similar to the one reported in Ref. [1] . In so doing, we build a map from the Clifford Cl(3) representation (Cl(3)) to S 4 . The notation is greatly simplified by introducing the pair of quaternions q 1 = α 0 + α 1 i 2 , and q 2 = β 0 + β 1 i 2 . By choosing the map π :Cl(3) −→ S 4 :
we access all the information available from the first qubit and a component related to the so-called concurrence C, a measure of the qubit system entanglement [9] . Herex denotes complex conjugation. Thus, the map reads
where ρ n(ij) denotes the one-qubit reduced density matrix of the n-th qubit. We point out that although we are keeping the map for its algebraic features, it is manifestly invariant under local U(2) transformations and avoids the problem of defining charts as in the Hopf bundle picture. Such a map contains information about the first qubit entanglement, but there is no agreement on the correct way of recovering the information from the second qubit (see e.g. [1, 17, 18] ). The other reduced density matrix can be recovered from the first one simply by exchanging α 1 with β 0 . This is a natural consequence of the arbitrariness we introduce when labeling the particles, so the natural way of recovering all the available information follows through the permutation group of the N = 2 particles, as dictated by the indistinguishability of particles in quantum mechanics. In fact, by permuting the particles we obtain the desired exchange, or equivalently, the other map:
As is to be expected, the term related to the concurrence is an invariant: the entanglement of the two particles remains the same, regardless of which one is measured. We will not go into the details of interpreting C (see e.g. Ref. [18] ), instead we shall focus on the fact that the map allows the construction of a measure of entanglement and that all possible maps are obtained through the permutation group. Three-qubit entanglement and the third Hopf fibration.-Although the three-qubit scenario has been discussed from the Hopf fibrations point of view [1, 17] , and also from the perspective of the twistor geometry formalism [18] , there is no a proper systematic characterization regarding multipartite entanglement measures. Here we provide such a description. We use the permutation group to decode the information available from the Clifford algebra representation. The Hilbert space for the three-qubit system is the tensor product of the 1-qubit Hilbert spaces ε 1 ⊗ ε 2 ⊗ ε 3 with the direct product basis where a pure three-qubit state reads
We perform a similar parametrization to the third Hopf fibration from Cl(4) representation to S 8 :
which results in the map π ′ :Cl(4) −→ S 8 :
with
, and
Here C 1 is clearly the off diagonal element of the reduced density matrix ρ 1 , but it is not trivial to see what the information available from the other C's is. In the two-qubit case, we had only one component, which was interpreted as the concurrence. In the three-qubit scenario there is certainly more information to look at. Consider the following qubit configurations: i) |Ψ 1 ⊗ |Ψ 23 , C 2 = 0,
Up to some point it may be tempting to say that for such configurations, the (123) case as we shall call it from now on, C 2 has information about the entanglement of (13) and C 3 of (12). An explicit calculation reads: i) case 1 ⊗ (23):
Re(abC (12) ), where C (13) denotes the concurrence of the entangled twoqubit state (13) . It is clear that C 2 contains some information about the entanglement of (13) and C 3 about (12). We show next that, in contrast to the entanglement measure suggested in Ref. [1] , this information is not complete and that it is actually the N = 3 permutation group which lets us know the complete information available in the Cl representation. We write down the explicit transformations induced by the elements of the permutation group of three elements as follows: a) (123) → (213):
Hence, permuting the qubits is equivalent to redefining five new mappings through the equivalences obtained above: (11) .
From this we see that (123) and (132) have information about the first qubit, (213) and (312) about the second one, and (321) and (231) about the third qubit. Although the density matrix information is the same for (123) and (132), the information of the entanglement available in (123) is not the same as that of (132) [25] , and this is why the use of the complete permutation group of N = 3 particles is what gives the complete information available from the tripartite system. For higher dimensions, and once a map such as Eq. (5) is constructed, permutations will always yield similar maps with the first and last components related to the reduced density matrices of the system. To emphasize this point, let us check the information that the C's and the C ′ 's hold for the 2 ⊗ (13)-case (123 → 132): 2C
Re(abC (12) ). It follows that one of the possible natural generalizations for the concurrence in the two-qubit case is
where K 1 is the generalized concurrence for the first qubit. Indeed, it is quite remarkable that the 2⊗(13)-case yields |K
Since the obtained measure seems to be a reasonable one, we shall now consider the case when the qubit 1 actually participates in the entanglement. This is easily observed in the 1 ⊗ (23) case: all of the C's related to qubit 1 vanish, and therefore our entanglement measure vanishes even though there is an entanglement present between qubits 2 and 3. This is to be expected, since qubit 1 is factorizable form the rest of the system and therefore does not share the rest of the system's entanglement information. To get a global entanglement for the three qubits measure we would need to calculate both |K 2 | 2 and |K 3 | 2 . We can then obtain a global generalized concurrence for N = 3 qubits as
and hence test our calculation, say for the typical cases: i) |GHZ −→ |K| 2 = 1, and ii) δ 0 |100 + β 0 |010 + α 1 |001 −→ |K| 2 = 8 9 , which are in agreement with those reported in the literature [3] . Thus, we have found an entanglement measure that gives satisfactory results; furthermore, it is straightforward to show that this is a good generalization of the N = 2 case since there
We can further extend these results: besides the entanglement information these mappings hold, a mapping can be built following the lines of Eq. (5) in such a way that
Since our measure involves the sum of N ! terms obtained through permutations (Eq. (7)), we get
whereρ a i is the i-th reduced density matrix obtained through the element P a of the permutation group of N elements. This expression, although nice, is still difficult to handle as it requires the knowledge of N ! reduced density matrices. This can be simplified, as there are only N different reduced density matrices, each one with (N −1)! multiplicity, thus obtaining
(10) There are, however, some issues to be accounted for when N ≥ 3, and regarding the case of arbitrary mixed states. These are considered in the generalization given below.
Multipartite qubit entanglement.-The case of dimensions N > 3 requires special attention. The first qualitatively different scenario we find is the N = 4 case [26], which admits the additional possibility of being factorized as a (2+2)-qubit state. In particular, the case of the direct product of two EPR states gives |K| 2 = 1, which appears as an unexpected result since this is a factorized state. This is so because for such states the corresponding reduced density matrices are equal to 1 2Î and hence the information about the entanglement available for each qubit is the same: maximal entanglement.
As we are dealing with one particle reduced density matrices, our expression can be reduced further through the Schmidt decomposition as N
] , which coincides with the one obtained by Meyer and Wallach through the analysis of invariant polynomials [3] in the Brennen version [19] . Having in mind that this measure is the average of the entanglement information available to each qubit, we can go further and generalize it to reduced density matrices of m < N qubits. Scott [2] has proposed the measure
and although this seems to be a direct generalization of the Meyer-Wallach measure in the Brennen version, it must be noted that the Schmidt decomposition is the key to Brennen's procedure, so the expression is not at all valid for m > 2. In order to generalize it we must start from the K i 's in Eq. (9), noting that a direct clean generalization is not possible as now the components of the reduced matrix will represent 2 × 2 matrices. We propose the following LU invariant quantity, as a generalization of entanglement information available to the subset S = {i 1 . . . i k } of the larger N = |S| + |S| register:
where ρ S(01) is the superior off-diagonal block of TrS[ρ], and ρ S(00) and ρ S(11) the upper and lower diagonal blocks respectively. According to Refs. [9, 12] 
where * K S denotes the product of all possible ways of grouping |S| out of N qubits (e.g. for |S| = 2, N = 4 we have (1,2)(1,3)(1,4)(2,3)(2,4)(3,4) ), which is to be contrasted with the one proposed in Ref. [4] , and hence we must emphasize that all partitions (|S| ≤ [N/2]) must be included in all their possible subsets, otherwise we would not recover all the information (e.g. in the six qubit state in a 3+3 partition, restricting ourselves to the |S| = 2 reduced density matrices would give us a wrong measure). We emphasize here our use of the geometric average of K S instead of the arithmetic approach used in [3] . We can readily test our measure: consider i) generalized GHZ states and states equivalent to them (e.g. |0101 +|1010 , |111 + |100 + |010 + |001 , etc.): in any dimension they have Q = 1, which corrects the result of Ref. [4] where a value of 0,8405 was calculated for the |0101 + |1010 state; ii) the W state for N = 3 gives Q = 8/9, while for N = 4 yields Q = 1/2. As expected, we have found that the three-qubit state |φ ⊗|EP R , or any factorized state, now yields Q = 0, in contrast with the result predicted by the Meyer-Wallach measure, but in perfect agreement with their factorizable character.
The generalization to the case of mixed states follows by making
2 in Eq. (13) . An analysis of this expression for few-qubit systems already shows results that agree with previous reports [20] : the two-qubit case gives Q = τ for the tangle τ [20] (see [21] for an N ≥ 3 detailed analysis).
Although we must deal with a high number of reduced density matrices for large N values, there is the possibility of introducing an extended Pauli basis to be able to recover this information through a reduced number of observables [4] , and hence the measure reported here can be of particular relevance in quantum technology implementations. To name a few, such a measure could be experimentally tested in a variety of systems available for performing computational networks, e.g. superconducting [22] , molecular [23] , and quantum dot [24] registers.
We have obtained a geometrically motivated measure which provides satisfactory results for the most known few-qubit entangled states and which effectively discriminates between factorizable and non factorizable states, allowing direct comparisons with the literature on the subject and providing a tool for performing proof-ofprinciple experiments in multipartite entangled systems. Our multipartite entanglement measure has a general, polynomial character and corrects some inconsistencies previously reported in the literature [2, 3, 4] . It is interesting how the K i 's involving the components of the reduced density matrices of the system, provided an intuitive tool for treating different system's partitions. Furthermore, the inclusion of the permutation group into the formalism has proved itself a fundamental mechanism in the findings reported in this paper. In short, we have found a measure free of ambiguity that allows accurate predictions of N -qubit global entanglement.
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